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Abstract 

In this paper, we show that if a graph G satisfies ci{G — X) + ^cJG — X) < 

||A| + i for all X C V{G), then G has a {P 2 m 5 }-fa'Ctor, where Ci{G — X) is 
the number of components G ot G — X with \V (C)| = i. 
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1 Introduction 

In this paper, all graphs are hnite and simple. Let G be a graph. We let V{G) and 
E{G) denote the vertex set and the edge set of G, respectively. For u G V{G), we 
let Ng{u) and doiu) denote the neighborhood and the degree of u, respectively. For 
U C V{G), we let Ng{U) = {[Jueu ^oiu)) — U. For disjoint sets X,Y C V{G), we 
let Eg{X, Y) denote the set of edges of G joining a vertex in X and a vertex in Y. 
For X GV(G), we let G[X] denote the snbgraph of G indnced by X. For two graphs 
Hi and H 2 , we let Hi + H 2 denote the join of Hi and H 2 . Let Pn denote the path of 
order n. For terms and symbols not dehned here, we refer the reader to [2]. 

*e-mail:michitaka.furuyaSgmail.com 
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For a set Ft of connected graphs, a spanning subgraph F of a graph is called an 
“K-factor if each component of F is isomorphic to a graph in Ff. A path-factor of a 
graph is a spanning subgraph whose components are paths of order at least 2. Since 
every path of order at least 2 can be partitioned into paths of orders 2 and 3, a graph 
has a path-factor if and only if it has a {P 2 ) Fsj-factor. Akiyama, Avis and Era [1] 
gave a necessary and sufficient condition for the existence of a path-factor (here i{G) 
denotes the number of isolated vertices of a graph G). 

Theorem A (Akiyama, Avis and Era [1]) A graph G has a {P 2 , P 3 }-factor if 
and only if i{G — X) < 2|A| for all X C V{G). 

Now we consider a path-factor with additional conditions. For example, one may 
require a path-factor to consist of components of large order. Concerning such a 
problem, Kaneko [3] gave a necessary and sufficient condition for the existence of a 
path-factor whose components have order at least 3. On the other hand, for /c > 4, it 
is not known that whether the existence problem of a path-factor whose components 
have order at least k is polynomially solvable or not, though some results about 
such a factor have been obtained (see, for example, Kano, Lee and Suzuki [1] and 
Kawarabayashi, Matsuda, Oda and Ota 0 )- 

In this paper, we study a different type of path-factor problem. Specihcally, we 
focus on the existence of a {P 2 , F 2 fc+i}-factor {k > 2). 

There are two motivations to study such factors. One of the motivations is related 
the notion of a hypomatchable graph. A graph H is hypomatchable it H — x has a 
perfect matching for every x G V{Pf). A graph is a propeller if it is obtained from 
a hypomatchable graph Pf by adding new vertices a, b together with edge ab, and 
joining a to some vertices of H. Loebal and Poljak [6] proved the following theorem. 

Theorem B (Loebal and Poljak |6j) Let H be a connected graph. If either H 
has a perfect matching, or H is hypomatchable, or H is a propeller, then the existence 
problem of a {P 2 , H}-factor is polynomially solvable. The problem is NP-complete 
for all other graphs H. 

In particular, for k > 2, the existence problem of a {P 2 ) .P 2 fc+i}-factor is NP- 
complete. Because of this fact, existence problems concerning {P 2 ,-P 2 fc+i}-factors 
seem to have unjustly been ignored. However, in general, the fact that a problem 
is NP-complete in terms of algorithm does not mean that one cannot obtain a 
theoretical result concerning the problem. From this viewpoint, in this paper, we 
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prove a theorem on the existence of a {P 2 ,-Psj-fcictor which, we hope, will serve as 
an initial attempt to develop the theory of {P 2 ,-P 2 fc+i}-factors. 

The other motivation is the fact that a {P 2 , P 2 fc+i}-factor is a useful tool for 
hnding large matchings. It is easy to see that if a graph G has a {P 2 ,P 2 fc+i}- 
factor, then G has a matching M with \M\ > Thus the existence of a 

{■P 2 5 Afc+ij-factor helps to hnd large matchings. 

In order to state our theorem, we need some more dehnitions. For a graph H, 
we let C(P) be the set of components of H, and for i > 1, let Qi{H) = {G G C(P) | 
|I/(C')| = i] and Ci{H) = |Cj(P)|. Note that ci{H) is the number of isolated vertices 
of H (i.e., Ci(P) = If a graph G has a {P 2 , Psj-factor, then Ci{G — X) + 

^c^^G — X) < ||X| for all X C V{G) (see Section [2]). Thus if a condition concerning 
ci{G — X) and C 3 (G —X) for X C V{G) assures us the existence of a {P 2 , Psj-factor, 
then it will make a useful sufficient condition. 

The main purpose of this paper is to prove the following theorem. 

Theorem 1.1 Let G be a graph. If Ci{G — X) + ‘^c^{G — X) < ||X| -|- | for all 
X C V{G), then G has a {P 2 , Psj-factor. 

We prove Theorem 11.11 in Sections |3] and HI In Subsection 15.11 we show that the 
bound ||X| + I in Theorem 11.11 is best possible. 

In our proof of Theorem ll.il we make use of the following fact. 

Fact 1.1 Let G be a graph. Then G has a {P 2 , Psj-factor if and only if G has a 
path-factor F with 63 (P) = 0. 

We conclude this section with a conjecture concerning {P 2 , P 2 fe+i}-factors with 
k > 3. By Theorems and 11.11 for k G {1,2}, there exists a constant a*, > 1 
such that the condition X]o<i<fc-i'- 2 j+i(G' — X) < afc|X| (X C Id(G)) assures us the 
existence of a {P 2 , P 2 fc+i}-factor (one can take Ui = 2 and 02 = |). Thus one may 
expect that there exists a similar constant > 1 for k > 3. However, when we 
consider the case where k >3 with k = t) (mod 3), the situation changes drastically; 
that is, there exist inhnitely many graphs G having no {P 2 , P 2 fc+i}-factor such that 
Zlo<i<fc-i C 2 i+i(G - X) < H^IXI 11^ for all X C V{G) (see Subsection [52]) • 
Thus we pose the following conjecture. 

Conjecture 1 Letk > 3, and let G be a graph. IfJ2o<i<k-i^2i+i{G-X) < ||^|X| 
for all X C V{G), then G has a {P 2 , P 2 fc+i}-factor. 
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2 A necessary condition for a {P 25 ^sj-f^ctor 


In this section, we give a necessary condition for the existence of a {P 2 , -Psj-factor in 
terms of invariants Ci and C 3 . We show the following proposition. 


Proposition 2.1 If a graph G has a {P 2 , P^j-factor, then ci{G — X) + ^C 5 {G — X) < 
||X| for all X C V{G). 

Proof. Let F be a {P 2 , Pj-factor of G, and let X C V{G). Then we can verify 
that 


ci(P-X) + -( 


Since every component G of G — X with |P(G)| = 1 belongs to IJpee(F) Ci(-P “ 
we have 


|e,(G-x)|= |e,(p-x)|- 

[ U e,(F-x) j-e.(G-x) 

PGe(P) 

\pee(P) / 


. ( 2 , 2 ) 


Furthermore, 


|e3 (G-x)|< |e 3 (p-x)| + 

e 3 (G-x)- 

( U e 3 (p-x)| 

Pee(P) 


\PGe(P) / 


, (2,3) 


Let G be a component of G — X with |P(G)| = 3 which does not belong to 
Upee(F) Then G intersects with at least two components of F — X. Since 

|P(G)| = 3, G contains a component of P — X of order 1 for some P G C(P). Since 
G is arbitrary, this implies that 


es(G-x)- [ [J e3(p-x) I 

< 

[ [J e,(p-x) I -e,(G-x) 

\PGe(P) / 


\pee(F) J 


(2,4) 
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By (O-dMD, 

c^{G-X) + ^csiG-X) 


< I \e,{p-x)\- 

.Pee{F) 


IJ ei(p-x) I-ei(G'-x) 

,PGe(F) 




, PGe(F) 


e3(G-x)-( IJ e,{p-x) 

Pee{F) 


£ I E 

^PGe(F) 

E ie 3 (P-x)| 

, PGe(P) 


IJ ei(p-x) I-ei(G'-x) 

,Pee(P) 


J ei(p-x) I -ei(G-x) 

PGe(P) 


< E iei(P--^)l + ;5 E ies(P--’f)l 


Pee(P) 


Pee(P) 


E (ci(P-Jf) + ;;C3(F-X) 


PGe(P) 

<5 E 

PGe(P) 

= 5m. 

2 ' ' 

Thus we get the desired conclusion. □ 


3 A path-factor in bipartite graph 

Let G be a bipartite graph with bipartition {S,T). A subgraph P of G is S-central 
if 5 C V{F) and \V{A) n P] > \V{A) n for every A e e(P). 

In this section, we focus on the existence of a special path-factor in bipartite 
graphs, and show the following theorem, which will be used in our proof of Theo¬ 
rem [TTTJ 

Theorem 3.1 Let S, Pi and P 2 be disjoint sets with 1 < l/SI < |Pi| -|- IP 2 I and 
|Pi| -|- IIP 2 I < ||5'| -|- and set P = Pi U P 2 . Let G be a bipartite graph with 
bipartition {S,T) satisfying the property that for every X C V{G), we have either 
\Ng{X) n Pi| + 1\Ng{X) n P 2 I > ||X| or Ng{X) = T. Then G has an S-central 
path-factor F such that V{A) fl P 2 7 ^ 0 for every A G GsiP)- 
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Before proving the theorem, we prove a lemma. 


Lemma 3.2 Let S, Ti, T 2 , T and G be as in Theoreni l3.ll Then G has an S-central 
path-factor. 

Proof. Let X C S. If \Ng{X) n Ti| + 1\Ng{X) n T 2 I > ||X|, then |A^gWI > 
\NG{X)nT^\ + l\NG{X)nT 2 \ > l\X\ > |X|; it Ng{X) = T,U T^, then |iVG(X)| = 
l^il + 1 ^ 2 ! > |5'| > |X|. In either case, we have |iVG'(X)| > |X|. Since X is arbitrary, 
G has a matching covering S by Hall’s marriage theorem. In particular, G has an 
S'-central subgraph F such that every component of F is a path of order at least 2. 
Choose F so that |H(F)| is as large as possible. 

Suppose that V(G) — V(F) ^ 0. Note that V(G) — V(F) C T. Now we dehne the 
set A of components of F as follows: Let Ai be the set of components H of F with 
Eg{V{A) n S, V{G) — V{F)) 0. For each i > 2, let Ai be the set of components 
H of F with H ^ and Eg{V{A) n S,\J^,^j,^_^{V{A') n T)) ^ 0. Let 

A = ljj>i Ai. 

Claim 3.1 Every path belonging to A is isomorphic to F 3 . 

Proof. Suppose that A contains a path which is not isomorphic to F 3 . Let i be the 
minimum integer such that Ai contains a path Ai = • • -Vi^^ with Ai 9 ^ F 3 . By 

the minimality of i, every path belonging to is isomorphic to P3. Hence 

by the dehnition of /Ij, there exists a vertex u® G V(G) — V(F) and there exist 
paths Aj = & Aj {1 < j < i — 1) such that EgIV^Ai) fl S', 7 ^ 

0 and Eg{V{A jj^i) fl S,V{Aj) n T) 7 ^ 0 for every j {I < j < i — 1). For each 
j “G j ^ i — 1 ), by renumbering the veritices Vi\v 2 \v^^^ of Aj backward (i.e., 
by tracing the path backward and numbering the vertices accordingly) if 

necessary, we may assume that EGiV{Aj_^i) fl S', 7 ^ 0. Let m be an index 

such that G E{G). Note that I > 2 and I 7 ^ 3. Thus by renumbering 

the vertices ..., of Ai backward if necessary, we may assume that m 7 ^ 2 

if I is odd, and m is odd if I is even. Let Bj = up (1 < J < * — 1), 

Bi = Um+i ■ ■ ■ ^^cl Fj+i = • • • v^_i (note that Fj+i = 0 if and only if 

I is even and m = 1). Then \V{Bj) fl T| > \V{Bj) fl S'] for every j {I < j < i + 1). 
Therefore F' = [E — (lJi<j<i ^i^j))) C (Ui<j<i+i ^j) i® S'-central subgraph of G 
such that V{F') = V{F) U {u®} and every component of F' is a path of order at 
least 2, which contradicts the maximality of F. □ 

We continue with the proof of the lemma. Let Xq = ^ 
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^0 = ((U^eyi ^(^)) n T) U (F(G) - V{F)). Since V{G) - V{F) 0 and A C Q^iF) 
by Claim Em we have 


iFo n Til + ^1^0 n Tsl > ^|Fo| > ImXol + 1). (3.1) 

By the definition of A^ Ng{S — Xq) fl Fq = 0- In particular, Ng{S — Xq) 7^ T, and 
hence \Ng{S — Xq) nTi| + ||A^g(*S'— Xq) nT2| > IIS' —Xo|. This together with 03.1 p 
implies that 

ITil + ^ITal > (|yonri| + |iVG(^-Xo)nTi|) + ^(|FonT2| + |iVG(^-Xo)nT2|) 

“ 3 ~ ^o| 

4 2 

= 31^1 + 3- 

which contradicts the assumption that |Ti| + IIT2I < IIS'! + |, completing the proof 
of the lemma. □ 

We here outline the proof of Theorem 13.11 We choose an S'-central path-factor 
Fq so that Fq will satisfy certain minimality conditions (see the paragraph following 
the proof of Claim 13731) . We then introduce operations which turn Fq into a new 
path-factor (see the paragraphs following Claim 13.51 and Claim 13.6p , and show that 
the new path-factor contradicts our choice of Fq. 

Proof of Theorem VJ . We start with some definitions. Let F be an S'-central path- 

factor of G. For each integer i > 2, let Cp^(F) = {A e Qi{F) \ V{A) n T2 = 0} and 
Cf^(F) = Qi{F) — C-^^(F). If there is no fear of confusion, we simply write C* and 
{h G {1,2}) instead of Cj(F) and C-^^(F), respectively. 

Let Di? be the digraph defined by VfDp) = C(F) and EifD) = {AB \ Eq{V{A)P[ 
S, V{B)nT) 7^ 0}. For each edge AB e F(Di?), we fix an edge ipF{AB) in EG{V{A)r] 
S, V{B) flT), and let ap^AB) G V{G) be the vertex of A incident with cppiAB) and 
tf{AB) G V{G) be the vertex of B incident with lpf{.AB) (see Figured]). 

For a path A = 0 : 1 X 2 •••X 7 G C7, the vertex X 4 is called the center of A. A 
directed path T = ^ 1^42 • • • ^4^ (/ > 2) of is admissible if Ai G C(F) — (63 U 65^^) 
and Ai G 63^^ U for every i {2 < i < I — 1). An admissible path T = A 1 A 2 ■ ■ ■ Ai 
of Di? is weakly admissible if either 

(Wl) Ai G and |■F(Al) n T2I = 1, or 

(W2) Ai G 67^^ and a'F(AiA2) is the center of Ai. 
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t 

apiAB) 

Figure 1: Edge (fpiAB) and vertices ap^AB) and tf{AB) 


An admissible path CP of Dp is strongly admissible if CP is not weakly admissible. 

A path system with respect to F is a sequence (CPi,..., CP^,) {rn > 0) of admissible 
paths such that 

(PI) for each i {1 < i < m), when we write CPj = A 1 A 2 ■ ■ ■ Ap {Aj | 1 < j < 

' - 1} n (Uia<i -1 r)?,)) = 0 and At e e« U (Uisaw V(T;)), and 
(P2) for each i (1 < i < m — 1), CPj is weakly admissible. 

A path system (CPi,..., CP^) with respect to F is complete if m > 1 and CP^ is strongly 
admissible. 

By straightforward calculations, we get the following claim (and we omit its 
proof). 


Claim 3.2 Let F he an S-central path-factor of G. Then the following hold. 

(i) For A e ei'\F), \V{A) n Ti| + ||1/(A) n T 2 I = 2 = ||E(A) n + |. 

(ii) ForAeefiF), |E(A)nTi| + ||l/(A)nT 2 | > ||i/(A)n^|. 

(hi) ForAee‘i\F), |1/(A) nTil + ||1/(A) nT 2 | > ||E(A)nF|. 

(iv) ForAe ef (F) with |E(A)nT 2 | = 1, |1/(A)nFi| + ||E(A)nT 2 | = ||l/(A)nF|. 

(v) ForAe e^^^(F), |E(A)nTi| + ||l/(A)nT 2 | = ||E(A)nF|. □ 

The following claim plays a key role in the proof of the theorem. 

Claim 3.3 Let F be an S-central path-factor of G with G^^\f) 7 ^ 0, and let 
(CPi,..., CPm) be a path system with respect to F (m > 0). Then the system can be 
extend to a complete path system (CPi,..., CP^, CPm+i, • • •, CPm') with respect to F. 


Proof. We take a maximal path system (CPi,..., ^m+i, • • •, ^m') with respect to 

F. We show that (CPi,..., “Pm') is a complete path system. Suppose that (CPi,..., 7^') 
is not a complete path system. Then Tj is weakly admissible for each i with 1 < f < 
m' (this includes the case where m' = 0). 

Set Ai = Ui<i<m'^(^*) fhS'f = 0 if and only if m' = 0). Let X = 
(Uas^Ii ^("4)) n S and Yh = (Uyigyii ^(^)) H (h e {1, 2}). Then by the definition 
of a weakly admissible path (and the dehnition of a path system), Ai C CsUCsUC^^^ 
and if A G .Ai n then \V{A) n Ti| = 1. Furthermore, by condition (PI) in the 
dehnition of a path system, Ai 7 ^ 0 if and only if Ai fl 63 ^^ 7 ^ 0. Hence by Claim [321 

|n| + ^|h^ 2 |>^|^| (3.2) 

and 

|h^i| + > 3 !"^! + 2 if ‘Ai 7 ^ 0. (3-3) 

Let A2 = e‘‘' -A,, X- = V(A)) n S and V; = (Uae* '^(■ 4 )) nT, (he 

{1,2}). By Claim IT^ i). 

\Yf\ + ^\Yf\>^\X*\ (3.4) 

and 

\Yf\ + ‘^\Yf\ = ^\X*\ + ^iiA2 ^(ll. (3.5) 

Let (Hi,..., Bi) (/ > 0) be a sequence such that for each i {I < i < 1), Bi E 
(Cg^^ U Cg^^) — (Ai U A 2 U {Bj I 1 < j < i — 1}) and there exists an edge of Tip from 
Bi to an element in Ai U A 2 U {Bj | 1 < j < i — 1}. We choose (Hi,..., Bi) so that 
/ is as large as possible. Let A 3 = (Hj | 1 < f < /}, X** = (UAe^ia ^ 

yr = (Ua 6^3 ^(^)) nT, {h e { 1 , 2 }). By Claim [32Kii) (hi), 

i^ri + ^ 1 ^ 2*1 > (3-6) 

Let X^ = XVJX*U X** and Y^ = W U Y* U Y** {h E {1, 2}). If m' > 1, then 
Ai 7 ^ 0; if m' = 0 (i.e., Ai = 0), then A 2 7 ^ 0 because 63 ^^ 7 ^ 0. Thus by 03.31) and 
03.5p . either |Yi| + ||y 2 | > ||^| + | l^i*l + § 1 ^ 2*1 = + §• This together with 

03.2p . 03. 4 p and 03.6p leads to 

\yi\ + l\y2\>l\x^\ + l- (3.7) 
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Since |Ti| + ||T 2 | < ||S'| + |, this implies ^ S and hence C(F) —(yiiUjd 2 Uyi 3 ) 7 ^ 0. 

Leti = e(F)-(^iU^ 2 U^ 3 ), ^ = (UAGd^(^))n.5andn = (U^^^^(^))n 
Th {h G {1, 2}). Note that S is the disjoint union of and X and, for h G {1, 2}, Th 
is the disjoint union of and Yh. If |hi| + IIV 2 I > ll^li then by fl3.7l) . |Fi| + ||F 2 | = 
(|Y]°| + Ihil) + 1 ( 1 ^ 2 °! + 1 ^ 1 ) ^ |l^°l + i + |l^l = + which is a contradiction. 

Thus |yj| + ||F 2 | < On the other hand, since ^iUdl 2 7 ^ 0, we have Y’°uy 2 ° 7 ^ 0, 
and hence Y 1 UY 2 7 ^ T. Consequently Ng{X) Y 1 LIY 2 by the assumption of the 
theorem, which implies that there exists a vertex x G X with Ng{x) fl uy 2 *^) 7 ^ 0. 
Let A G .A be the path containing x. By the dehnition of A 2 and A, A ^ 63 ^^. By 
the maximality of (Fi,..., Bi), A ^ C® U Thus A G C(F) — (63 U Cg^^). By 
the dehnition of (Fi ,..., Bi) and x, there exists a directed path T' = Ai • • • Ap of 
T)f such that Ai = A, A* G A 3 (2 < z < p — 1) and Ap G Ai U A 2 . Then 7' is an 
admissible path of Df- Now the sequence (Ti,..., Tmo ^0 is a path system with 
respect to F, which contradicts the maximality of (Ti,..., Tm')- This contradiction 
completes the proof of the claim. □ 

We turn to the proof of Theorem 13.11 By way of contradiction, suppose that 
63 ^^ (F) A 0 for every F-central path-factor F of G. By Lemma 13.21 G has an S- 
central path-factor Fq. Note that an empty sequence is a path system with respect 
to Fq. Hence by Claim 13.31 there exists a complete path system (Ti,..., CP^) with 
respect to Fq. Choose Fq and (Ti,..., Tm) so that 

(Fl) |C 3 ^^(Fo)| is as small as possible, and 

(F2) subject to (Fl), (|Y(Ti)|,..., \ V{‘J’m)\) is lexicographically as small as possible. 

For each z (1 < z < m), write 7i = A[*fo--A|*\ Then contains a 

directed path B 1 B 2 ■ ■ ■ Bp of Dfq with Fi = a[”^^ and Bp G C 3 ^^(Fo). For each 
i A Y i < p)^ write Fj = For z (1 < z < p — 1), let Sj be the 

integer with = cr^(FjFj_|_i), and for z (2 < z < p), let fj be the integer with 

Vi,ti = z‘Fo(Fj_iFj). As in the proof of Claim [3Al by renumbering the vertices of 
some of the Fj backward if necessary, we may assume that 

(Bl) Si > if Qi is odd, 

(B2) n F 0 if B, e e?>(B„) and a, = 4, 

(B3) Si is odd if qi is even. 
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(B4) ti < Si for each i {2 < i < p — 1), and 
(B5) tp = Qp (= 3). 

Note that (B3) means that when qi is even, the vertices of Bi are numbered so that 
G T. Thus Vi^q^ G T for each i {I < i < p). We can divide the type of Bi into 
three possibilities as follows: 

Claim 3.4 One of the following holds: 

(1) |C(i?i)| is even and si is odd; 

(2) Bi G ef^(To) U ef\Fo), Si = 4 and {ni,i,ni,3} n T 2 7 ^ 0; or 

(3) |C(i?i)| > 7 and Si > 6. 

Proof. If \V{Bi)\ is even, then (1) holds by (B3). Thus we may assume \V{Bi)\ 
is odd. Then by the dehnition of a strongly admissible path, Bi G and 

iV(Bi) n T 2 I > 2 , or Bi G e^^\Fo) and Si ^ 4, or Bi G ef^(Fo), or \V{Bi)\ > 9. If 
Bi G ef^(Fo) and \V{Bi)nT 2 \ > 2, then (2) holds by (BI). If G G^j\Fo)UG^j\Fo) 
and Si 4, then (3) holds by (BI). If Bi G G^\Fq) and Si = 4, then (2) holds by 
(B2). If \V{Bi)\ > 9, then (3) holds by (BI). □ 

As for Bi with 2 < i < p — 1, the following claim follows immediately from the 
dehnition of a weakly admissible path. 

Claim 3.5 Let 2 < i < p — 1. Then one of the following holds: 

(1) Bi G Gf\Fo) and Si = 2; 

(2) Bi G C 5 (Fo) and Si = 2 or 4; or 
{T) Bi e G^^\Fo) and Si = L □ 

Let if) be the minimum integer i {>2) satisfying one of the following two condi¬ 
tions: 

(11) i = p; or 

(12) 2 < i < p — 1 and f* = 1. 
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Set B[ = Vi^iVi ^2 ■ ■ ■ and, for each i (2 < i < io), set 

-Sj = 

(see Figure ED- Let 2 < z < zq — 1. By the dehnition of zq, ti > 3. On the other 
hand, Sj < 4 by Claim 1331 Hence U = Si — 1. Since z (2 < z < zq — 1) is arbitrary, it 
follows that 


B[,, B[^ are vertex-disjoint paths of G 

and 

U r(B')= U I + <«,.}. 

1<2<20 

Furthermore, 


(3.8) 


(3.9) 


|K(B') nT| > |1/(B') ns| for each i (2 < i < ij) (3.10) 

because Vi_l^q^_^ G T. If B[ ^ 0, then G T, and hence 

nT| > |■F(Hj) n5| (3.11) 

(if B[ = 0, then fl3.1ip trivially holds). Also 

\V{B'^ n V{Bi_i)\ is even and \V{B[) fl V{Bi_i)\ > 2 for each z (2 < z < zq) 

(3.12) 

because G S and Vi-l^q^_^ G T. It follows from fl3.12p that 

|f^(-B()| > 5 for each z (2 < z < zq — 1) (3.13) 

because \V{B') fl V{Bi)\ = U > 3. Since |I/(i?j)| = si — 1, we see from Claim [3]4] 
that 


\V{B[)\ is even or \V{B[)\ > 3, (3.14) 

and 


I/(Hj)nr2^0if |I/(Hj)| = 3. (3.15) 

Combining fl3.10p through 03.151) . we get the following claim. 

Claim 3.6 (i) For each i with 1 < z < zq, we have |H(i?') 0 T| > |H(i?') fl S\. 
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(ii) For each i with 1 < i < io — i-, 

(a) \V{B'^)\ is even or \V{Bl)\ > 3, and 

(b) 1^(5') nr2^0 if 5'-Ps. □ 

Suppose that io = P- Then 


\V{B;)\>5 (3.16) 

by p.l 2 p and (B5). Let Pi = (To-(Ui<i<p ^(5i)))U(Ui<i<p Then by Claim [Ml 
fl3.16p . 03.81) ■ 03.91) and (B5), Pi is an S'-central path-factor of G, and P' ^ 63 ^^(Pi) 
for each i (1 < i < p). Since Pi G C 3 ^^(Po), we have |C 3 ^^(Pi)| < |C 3 ^^(Po)|, which 
contradicts the minimality of |C 3 ^^(P)|. Thus 2 < io ^ P ~ 1- Then by the definition 
of io, U, = 1. Hence P" = P,„ U P'„ is a path of G with |H(P") n T| > |H(P") n 
(see Figure [3]). Set P 2 = (Po - (Ui<i<*o ''^(^*))) U (Ui<i<io-i ^0 ^ Then by 
Claim [Ml 03.8p and 03.91) . P 2 is an S'-central path-factor of G, and P' ^ 63 ^^ (Pi) for 
each i(l<i<io — !)• Furthermore, 

\V(B'Q\ = n (/(B,.-!)!. (3.17) 

Since |l/(P'p) rTF(Pio_i)| > 2 by 03.12p . this implies |H(P")| > 5, and hence we also 
have B" i Thus |e<‘'(B2)| = |e<‘>(B„)|. 

Set ko = min{/c | Pj^ G V{7k)}, and write Pj^ = If Bp G H(lPfco), then the 

fact that PjQ 7 ^ Bp implies that jo < 4 ^ — 1 ; if Bp ^ V{7ko), then the minimality of 
ko implies that jo < 4 o — 1 - In either case, we have jo < ho 
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Case 1: = 1. 

Since Bi^ = and io > 2, e Ufco+i<i<m ^(^*)- particular, ko < m - I 
and CPfco is weakly admissible. Hence Bi^ G C®(Fo) U C 7 ^^(Fo). This together 
with fl3.17p and (13.121) implies that H" G Q'f\F 2 ) or \V{B"^)\ > 9. Thus the di¬ 
rected path = H" ^ 2 ^°^ • • • of is strongly admissible. Consequently 
(Ti,..., Tfco-i) J’fco) is cl complete path system with respect to F 2 . Since ko < m — 1 
and \V{?ko)\ = |■^(yfco)l) we see that (|l/(Ti)|,..., |H(Tfco_i)|, |H(rfcJ|) is lexico¬ 
graphically less than (|H(Ti)|,..., |H(Tfco_i)|, |H(TfcJ|,..., |H(Tm)|), which contra¬ 
dicts the minimality of (|l/(CPi)|,..., \ V{7rn)\)- 

Case 2: 2 < jo < 4o - 1- 

Since Bi^ = Bi^ G 63 ^^ (Fq) U C 5 ^^(Fo). This together with (13.171) and 

(I3.12P implies that G Qf\F 2 ) or |H(i?'')| > 7. Thus the directed path CP'^^ = 

of 2)^2 is admissible. Consequently (Ti,..., Tfco-i, is a 
path system with respect to F 2 . By Claim 13.31 the system can be extend to a 
complete path system (Ti,..., Tfco-i) • • • > Q«) with respect to F 2 (it is possible 

that a = 0). Since jo > 2, = 4^ - jo -f 1 < ho = |C(Tfco)|, and hence 

(|l/(Ti)|,..., |l/(Tfco_i)|, |H(Qi)|,..., |H(Qo)|) is lexicographically less than 

(|l/(CPi)|,..., |l/(CPfc(,_i)|, |H(Tfco)|,..., |l/(CPm)|), which contradicts the minimality of 
(|H(T 0 |,...,|H(T^)|). 

This completes the proof of Theorem 13.11 □ 
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4 Proof of Theorem 11.11 


Let G be as in Theorem ll.il By assumption, we have ci(G) + |c 3 (G') < ||0| + | = 
Hence ci{G) = C 3 {G) = 0. 

We now proceed by induction on |H((j')| + We may assume V{G) ^ 0. 

Note that if EiCG) = 0, then Ci{G) = |H((j')| > 1, which is a contradiction. This 
means that the theorem holds for graphs G with E[G) = 0 in the sense that the 
assumption is not satished. We henceforth assume that E[G) ^ 0 and the theorem 
holds for graphs G' with |H(G')| + \E{G')\ < |H(G)| + |^(G)|. 

Let S = {X C V{G) I Ci(G -X) + c^{G -X)> 1}. Since Ci(G - Ng{x)) > 1 for 
x e V{G), S ^ 0. Set 

Claim 4.1 If (3 >2, then G has a {P 2 , P 5 }-factor. 

Proof. Let e G E{G), and suppose that Ci(G — e) U C 3 (G — e) 7 ^ 0. Take C G 
Ci(G — e) U C 3 (G — e). Since ci(G) = c^^G) = 0, e joins a vertex in V(C) and 
a vertex y in V{G) — V{G). This implies G G Ci(G — y) VI C 3 (G — y), and hence 
||{y}| + | —(ci(G—?/) + |c 3 (G—y)) < | + | —| = 1, which contradicts the assumption 
that /? > 2. Thus ci(G — e) = C 3 (G — e) = 0 for all e G E{G). From the fact that 
ci(G — e) = 0 for all e G E{G), it follows that dcix) > 2 for all x G V{G). Assume 
for the moment that ddx) = 2 for all x G V{G). Then each component of G is a 
cycle. Since C 3 (G) = 0, this implies that G has a path-factor F with Gsi^F) = 0. 
Hence by Fact 11.11 G has a {P 2 , Hsj-factor. Thus we may assume that there exists 
xq G V{G) such that dcixo) > 3. 

Fix an edge e* = Xoyo G E{G) incident with xq, and let G' = G — e*. By an 
assertion in the first paragraph of the proof the claim, Ci(G') = C 3 (G') = 0. Let 
X C H(G'). We show that ||X| + i - ci(G' - X) - |c 3 (G' - X) > 0. We have 
||0| + I — ci(G') — C 3 (G') = I > 0. Thus we may assume X 7 ^ 0. Note that 
|(ei(G' - X) - ei(G - X)| + |(e 3 (G' - X) - e 3 (G - X)| < 2 , and hence 

ci(G' - X) + ^C 3 (G' - X) < ci(G - X) + ^C 3 (G - X) + 2. (4.1) 

Furthermore, if equality holds in fl4.ip . then xq, yo ^ X and {xq}, {yo} ^ Ci(G' — X). 
If Ci(G — X) -|- C 3 (G — X) > 1, then by the definition of /?, ||X| + | — Ci(G — X) — 
|c 3 (G — X) > (3 > 2 which, together with fl4.ip . leads to ||X| + | — (ci(G' — X) + 
|c 3 (G' - X)) > ||X| + i - (ci(G - X) + fc 3 (G - X) + 2) > ^ - 2 > 0. Thus 
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we may assume that Ci(G — X) + € 3(0 — X) = 0. By fl4.1l) . Ci(G' — X) + 03 ( 0 ' — 
X) < Ci{G — X) + € 3(0 — X) + 2 = 2. By way of contradiction, suppose that 
||X| + i - (ci(G' -X) + |c 3 (G" - X)) < 0. Then ||X| + | - 2 < 0. Since X ^ 0, 
this forces |X| = 1 and ci{G' — X) + |c 3 (G' — X) = 2. Hence equality in fl4.ip . which 
implies {xq} G Ci(G' —X). Consequently dcixo) < |XU{ 2 /o}| = 2, which contradicts 
the fact that dcixo) > 3. Thus we have ||X| + | — Ci(G' — X) — |c 3 (G' — X) > 0 for 
all X C V{G'). By the induction assumption, G' has a {P 2 , Psj-factor. Therefore G 
also has a {P 2 , -Psj-factor. □ 

By Claim ITTl we may assume that jd <\- 

Let S' G S be a maximum set with IIS'! — ci(G — S) — |c 3 (G — S) + ^ = (3. 
Claim 4.2 Let C be a component of G — S. 

(i) If |H(G)| ^ {1, 3}, then C has a {P 2 , P^j-factor. 

(ii) If |H(G)| = 3, then G is complete. 

Proof. 

(i) Suppose that G has no {P 2 , Psj-factor. Then by the induction assumption, 
there exists a set S' C V{G) with ||S"| + | — Ci(G — S') — |c 3 (G — S') < 0. 
Set So = SVJ S'. Since ei(G - ^o) = ei(G - ^) U ei(G - S'), e 3 (G - Sq) = 
GsiG - ^) U e 3 (G - S') and ei(G - S') U e 3 (G - S') ^ 0, we have 5*0 G S. We 
also get ||S'o| + |-ci(G-5o)-ic3 (G-^o) = (||^| + |-ci(G-^)-|c 3 (G- 
S)) + (||S"| — Ci(G — S") — |c 3 (G — S')) < jd. This contradicts the dehnition of 

(ii) Suppose that |H(G)| = 3 and G is not complete (i.e., G is a path of order 

three). Let x G G be the vertex with dc{x) = 2. Then Ci(G — x) = 2 and 
C 3 (G - x) = 0. Set Si = SVJ {x}. Since ei(G - ^ 1 ) = ei(G - 5) U ei(G - x), 
C 3 (G — Si) = C 3 (G — S) — {G} and Ci(G — x) 7 ^ 0, we have Si G S. We also 
get IIS'!! + I — ci(G — Si) — |c 3 (G — Si) = (IIS'! + |) + I — (ci(G — S') + 2) — 
|(c 3 (G — S') — 1) = /5. This contradicts the maximality of S'. □ 

Set Ti = Ci(G — S'), T 2 = C 3 (G — S') and T = Ti U T 2 . Now we construct a 
bipartite graph H with bipartition {S,T) by letting uC G E{H) {u E S,C & T) if 
and only if Ng{u) fl V{C) 7 ^ 0. 
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Claim 4.3 The following hold. 

(i) |Ti| + ||T 2 |<||^| + i. 

(ii) 1 < 1^1 < IT 1 I + IT 2 I. 

(iii) For every X C ^o, either |iVH(X) nTi| + nTa] > ||X| or Nh{X) = T. 

Proof. 

(i) By the assumption of the theorem, |ri| + ||r 2 | = ci(G — S') + |c 3 (G — S) < 

l\s\ + l. 

(ii) Since ci(G) + C 3 (G) = 0 and ci(G - S) + c^iG -S)>1, (i.e., |^| > 1). 

Since ||^| + i-|Ti|-f|Ti| = ||^| +1-ci(G-^) - |c3(G-5) = /3 < |, we get 
1^1 < i\Ti\ + IIT 2 I + 1 < ||T| + 1 < |T| + 1, and hence |^| < |T| = iTi] + IT^]. 

(iii) Suppose that there exists a set X C S'such that \NH{X)nTi\ + ^\NH{X)r\T 2 \ < 

||X| and Nh{X) ^ T. Since T - Nh{X) C ei(G - {S - X)) U e 3 (G - {S- 
X)) by the dehnition of H, we have S — X G S. We also get ci(G — (S' — 
X)) + fc3(G - (^ - X)) > (iTii - \Nh{x) n Til) + |(|r 2 | - \Nh{x) n r 2 |) = 
(ci(G - S) + |c 3 (G - S)) - {\Nh{X) n Til + 1\Nh{X) n T 2 I). Consequently 
11^ - X| + i - ci(G - (^ - X)) - fc3(G -{S-X)) <{l\S\ + l-c,iG-S)- 
|c 3 (G — S')) — (||W| — \Nh{X) n Ti| — ^\Nh{X) n T 2 I) < /?, which contradicts 
the dehnition of [3. □ 

By Claim 14.31 and Theorem 13.11 H has an S'-central path-factor F such that 
V{A) n T 2 ^ 0 for every A e GsiF). For A e e(F), let Ua = V(A) n S, Lyn = 
V{A) n T/i [h E {1, 2}), and Ta = Ta,i U La, 2 - Let Ga be the graph obtained from 
G[Ua U (Uce^A ^(^))] deleting all edges of G[Ua\- 

Claim 4.4 For each A e C(T), Ga has a {P 2 , P 5 }-factor. 

Proof. Since A is a path of iL, there exists a path Qa of Ga such that Ua F V{Qa) 
and V{Qa) H V{C) 7 ^ 0 for every G G Ta- Choose Qa so that \V{Qa)\ is as large 
as possible. Then for each G G Fja ,2 (i-e., G G Ta with |C(C')| = 3), since C is 
complete by Claim ITI^ iiL it follows that 

either V{C) C V{Qa) or \V{C) n V{Qa)\ = 1, 
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Figure 4: Graph Hn 


and 


if G G £ja is an endvertex of the path A of FT, then V{C) C V{Qa)- 

Recall that La, 2 7 ^ 0 if |G(y4)| = 3. Consequently \V{Qa)\ > |G(y4)| and, in the case 
where |R(A)| > 3, we have \V{Qa)\ = 5 or 7. Since |R(A)| > 2 , this means that 
|G(Qa)| > 2 and \V{Qa)\ 7 ^ 3. Furthermore, for each C G La, C — V{Qa) is either 
empty or a path of order two. Therefore if we set Fa = Qa U (Ucs^a^^ ~ V{Qa))), 
then Fa is a path-factor of Ga with 63 (^ 4 ) = 0- By Fact 11.11 Ga has a {P 2 , P 5 }- 
factor. □ 

By Claims IT^ ii and 14.41 G has a {P 2 ,-Psj-factor. 

This completes the proof of Theorem 11.11 


5 Examples 

In this section, we construct graphs having no {P 2 , P 2 fc+i}-factor. 

5.1 Graphs without {P 2 , A}-factor 

Let n > 1 be an integer. Let Qo be a path of order 3, and let a be an endvertex of 
Qo- Let Qi,... ,Qn he disjoint paths of order 7, and for each i (1 < i < n), let bi be 
the center of Qt. Let denote the graph obtained from lJo<i<n^* joining a to 
bi for every i {1 < i < n) (see Figure |4]). 

Suppose that has a {P 2 , Psj-factor P. Since Qq does not have a {P 2 ,P 5 }- 
factor, P contains obi for some i {1 < i < n). Since dp{hi) < 2, this requires that 
at least one of the components of Qi — bi should have a {P 2 , Psj-factor, which is 
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impossible because each component of Qi — is a path of order 3. Thus Hn has no 
{P 2 , -Psj-factor. 


Lemma 5.1 For all X C V{Hn), Ci(iL„ - X) + |c 3 (i/„ - X) < ||X| + 

Proof. Let X C V{Hn). Then we can verify that 

ci(Qo - X) + ^C 3 (go - ^) < ^|f"(go) n x| + ^ (5.1) 

and 

Ci(gi - X) + ^C 3 (gi - X) < '^\V{Qi) nx| for every i {l<i<n) (5.2) 

Since every component C of Hn — X with |fo(C')| = 1 belongs to lJo<i<n ~ 
we have 


\Q^{Hn-X)\ = Y, 

0<i<n 


Furthermore, 


Qz{Hn-X)\ < Y |e3(g*-^)| + 

0<2<n. 


IJ ei(g,-x) -Q^[Hn-x) 


\0<i<n 


e,{Hn-x)- ( IJ e3(g*-x) J 

Vo<i<n / 


(5.3) 


(5.4) 


Let C be a component of Hn — X with |fo(C')| = 3 which does not belong to 
Uo<i<n ^ 3(^4 ~ X). Then C intersects with at least two of the Qi {0 < i < n). Since 
|fo(C')| = 3, C contains a component oi Qi — X of order 1 for some i (0 < i < n). 
Since C is arbitrary, this implies that 

Q^{Hn-X)- [ IJ Q^{Q,-X) 

\0<i<n , 

(5.5) 


< 


J ei(g,-x) -ei{Hn-x) 


\0<i<n 
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By dEID-dES]), 


Ci(/f„-X) + -C3(//„-X) 


IJ ei(Q,-X) -Q^[H^-X) 


\^<i<n 


< ( E ieiW<-^)l- 

\0<i<n 

+ ^ ( E l^3(Q. - ^)l + e3(i/. -x)-( IJ e,{Qi -X) 

\0<^<n \o<i<n 

< ( |ei(Q,-x)|- ( IJ GiiQi-X)] -ei{Hn-X) 

Vo<i<n \0<i<n / 

(5^ \e3{Q^-x)\+ ( J ei{Q,-x)] -ei{Hn-x) 

\0<i<n \0<i<n ) 

< E ICiWi--¥)! +1 E 

0<i<n 0<i<n 

= ^ (^ci{Qi — X) +-c^{Qi — X) 


2 

3 


0<2<n 


E im)nxi + | 


0 <'i<n 


= - 1^1 + -• 

3' ' 3 

Thus we get the desired conclusion. □ 


From Lemma 15.11 we get the following proposition, which implies that Theo¬ 
rem [TTT] is best possible. 

Proposition 5.2 There exist infinitely many graphs G having no {P 2 , Psj-factor 
such that Ci(G — X) -|- ^ 03(0 — X) < ||X| -|- | for all X C V{G). 


5.2 Graphs without {P 2 , ^ 2 fc-hi}"fector for k > 3 

Let A: > 3 be an integer with k = 0 (mod 3), and write k = 3m. Let n > 1 be an 
integer. Let Rq be a complete graph of order n. For each i (1 < -i < 2n -|- 1), let Ki 
be a complete graph of order 2 m — 1, and let Ri denote the graph obtained from 
by joining each vertex of the union of 2 m -|- 1 disjoint paths of order 2 to all vertices 
of Ki. Let H'.^ = Ro + (Ui<i<2n+i (see Figure [5]). 

Since \V{Ri)\ = 2k + 1 and Ri does not contain a path of order 2k + 1, Ri 
has no {P 2 ) Afc+ij-factor. Suppose that fP^ has a {P 2 , ^ 2 fc+i}-factor P. Then for 
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C ^ 


^2n+l 

+ 

• • • 

+ 




Ri 


R2n+l 


Figure 5: Graph H'^ 


each i {1 < i < 2n + 1), F contains an edge joining V{Ri) and V{Ro). Since 
2n + 1 > 2|i/(i?o)|, this implies that there exists x G V{Ro) such that dpix) > 3, 
which is a contradiction. Thus has no {P 2 , T 2 fc+i}-factor. 


Lemma 5.3 For all X C V{K), Eo<,</c-i C2j+i{K - X) < 


Proof. Let X C 


Claim 5.1 For each i {1 < i < 2n + 1), Z]o<j<fc-i- ^) < ^^\V{Ri) fl 


XI 


2k+3 

8fc+3' 


Proof. We hrst assume that V{Kf) ^ X. Then Ri — X is connected. Clearly we may 
assume that X]o<i<fc-i ~ ^) = t- Then \V{Ri) nX| > 2 because \V{Ri)\ = 

2 k+ 1 . Hence = 1 < ttl ' 2 < Utlim) n X| + i±|. 

Thus we may assume that V{Ki) C X. 

Let a be the number of components oi Ri — V{Kf) intersecting with X. Since 
a < 2m + 1, we have (8m + l)a < (4m + 2)(2m — 1 + a) + 2m + 1, and hence 


4m + 2 , , 2m + 1 

a < - --^(2m — 1 + a) + 


Ak T 6 , . 2k + 3 

;(2m - 1 + a) + 


8m + W ' ” ' ' 8m + 1 8/c + 3 8/c + 3 

Furthermore, '^Q<j<k-i^2j+i{Ri-X) = ci{Ri-X) < a and \V{Ri)nX\ = \V{Ki)\ + 


\{V{Ri)-V{Ki))nX\ > 2m-l + a. Consequently we get X]o<j<fc-i C 2 i+i(-^*- 

i$iim)nxi + i±|. □ 


Assume for the moment that V{Ro) ^ X. Then Fl'^ — X is connected. Clearly 
we may assume that X]o<j<fc-i'^ 2 j+i(-^fn — X) = 1. Then |X| > 2 because > 

2k + 1. Hence - V) = 1 < |i±| • 2 < |i±||X| + i|±|. Thus we 

may assume that V{Ro) C X. Then clearly 

|e2,+,(H'-.Y)|= 5^ |es,+,(fii-x)|. (5,6) 

l<i<2n+l 
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By Claim 15.11 and fl5.6p , 


0<j<fc-l 


E ( E 

0<j<fc-l \l<i<2n+l 


C2j+l{,Ri — X) 


S E 

l<i<2n+l 


/ Ak + Q 

[skTs 


\V{Ri)nX\ + 


2k + 3\ 

8k+ 3 ) 


Ak + Q 
8 k+ 3 
Ak + 6 

8 k+ 3 
Ak + 6 

8 k+ 3 


2k -i- 3 

(|X|-|l/(/i,)|) + ^^(2n+l) 

\x\X4^. 


Thus we get the desired conclusion. □ 


From Lemma [5.31 we get the following proposition, which implies that if Conjec¬ 
ture [T] is true, then the coefficient of |X| in the conjecture is best possible. 


Proposition 5.4 For an integer k > 3 with k = 0 {mod 3), there exist infinitely 
many graphs G having no {P 2 , P 2 k+i}-factor such that X]o<i<fc-i'^ 2 i+i(G — X) < 


Ak+6 

8k+3 


X\ + 


2fc+3 

8fc+3 


for all X C V{G). 
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